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CHAPTER ONE: INTRODUCTION 
In this paper, numbers will be real numbers and functions will be real-
valued functions. If [a,b] is an interval and G is a subset of [a,b] contain­
ing a and b then a subdivision P of [a,b] will be called a G-subdivision of 
[a,b] if and only if P is a subset of G; if Q is a subdivision of [a,bj then 
a refinement R of Q will be called a G-refinement of Q if and only if R - Q 
is a subset of G. For f a function on [a,bj and G a subset of [a,b] con­
taining a and b, if a < y < b and y is a limit point of G from the right then 
we shall let fg(y^) denote the limit 
lim f (x) , 
x-Ky*, X in G 
and if a < y < b and y is a limit point of G from the left then we shall let 
foCy"*) denote the limit 
lim f( x). 
X in G 
For functions f and g on [a,b] and D a subdivision of [a,b] we shall let 
Sjj(f,g) be the approximating sum corresponding to D for the Stieltjes mean 
Sigma integral of f with respect to g; for G a subset of [a ,b] containing 
a and b we shall denote the refinement limit over all such approximating 
sums corresponding to G-subdivisions by 
lim SjjCf.g), 
DCG.ZT 
The four basic definitions we shall use in this paper.are from (4), 
the original paper in which R. E. Lane defined his integral thus introducing 
a generalization of the Stieltjes mean sigma integral. 
Definition 1.1, The statement that x is an exceptional point for func-
tiens f and g on the interval [a,t3 means that there exists a subintenral 
[c, dj of [a,b] such that x is in [c, d] and such that if [p,q] is a sub-
interval of [c, d] then f is Stielt jes mean sigma integrable with respect 
to g in [p,q] if and only if x is not in [p, q]. 
Definition 1.2» If f and g are functions on an interval [a,b] and H is 
a non-empty subset of the segment (a,b), then the statement that the ordered 
triple (g,f,H) is a singular graph means that if G > 0 then there exists a 
sequence or finite sequence I ={ [a^jb^}, p = 1,2,..., of subintervals of 
[a,b] such that the following three statements hold; 
i) if p is in the domain of I, then a^ and bp are in G = [a,b] - H; 
ii) if X is in H then there is a p in the domain of I such that x 
is in (ap,bp); and 
iii) if for each p in the domain of I, Ap and Bp are subdivisions of 
[ap.bp] then 
^ \ICf*s) - Sg (f»g)I < s, 
(p in domain I) P P 
Remark 1.1» Suppose that Definition 1.2 were changed by replacing 
statement iii by the following statement: 
iii*) for each p in the domain of I there exists a G-subdivision 
Cp of [ap,bpl having the property that if for each p in the domain of I 
Dp is a refinement of Cp then 
> ISç (f,g) - % (f.g)l <5. 
(p in domain I) P P 
Clearly Definition 1.2 implies our altered definition of singular graph. We 
remark here that we could replace the Original definition by our new defi­
nition and still obtain all the results in Lane's paper (4), in Bzoch's 
3 
paper (1), and in this dissertation. 
Definition 1.3. Suppose that f and g are functions on an interval 
[a,b] and that G is a subset of [a,b]. The statement that G is a smmability 
set for f and g in [a,b] means that the following statements hold: 
i) a. and b are in G, and no point in G is an exceptional point for 
f and g in [a,b] ; 
ii) if G ^  [a,b] and H = (a,b) - G, then (g,f,H) is a singular graph; 
and 
iii) we have that the refinement limit 
lira Sg(f,g) 
D c G,3 
exists and is a real number L. 
Definition 1.4. Suppose that f and g are functions on an interval 
[a,b] . We say that f is Lane integrable with respect to g in [a,b] if and 
only if there is a summability set for f and g in [a,b] . If G is a suramabil-
ity set for f and g in [a,b], then the Lane integral of f with respect to 
g in [a,b] is written as 
f dg 
-'a 
and is defined to be the number L of Definition 1.3* 
That the value of the Lane integral does not depend upon the particular 
summability set used is.established in the paper (4). 
We now list for reference two results from (1). 
Lemma 1.1. If G is a summability set for functions f and g in the 
interval [a,b] > if X = {x^.xg,is a subset of (a,b) - G, and if 
. G = G + X, then G is a summability set for f and g in [a,b] . 
Theorem 1.1. If f is a bounded function on the interval [a,b] and g is 
a function of bounded variation on [a,b] , then for the Lane integral 
rb 
L I f dg to exist it is necessary and sufficient that there exist a 
J a 
bounded function u on [a,b] and a subset G of [a,b] such that: 
i) the Stieltjes mean sigma integral FniJ" u dg exists; 
ii) a and b are in G and u(x) = f (x) if x is in G; 
iii) if H = (a,b) - G and H is not empty, then (g,f,H) is a singular 
graph; and 
iv) no point of G at which g is discontinuous is an exceptional point 
for f and g in [a,b] . 
We also list a special case of Theorem 3*7 of (3),  
Theorem 1.2. Let g be a function of bounded variation on the interval 
[a,b]. Let s be a saltus function on [a,b] and let ^ /be a continuous func­
tion of bounded variation on [a,b] such that g(x) = s(x) +'^(x) if x is in 
[a,b] • Let S"*" be the set of all numbers x satisfying a ^  x < b such that 
g(x^) 4 g(x), and let S" be the set of all numbers x satisfying a < x < b 
such that g(x-) ^  g(x). Let be the monotone non-decreasing function 
such that 
/ 
0 if X < a 
'V'*(x) = { [a,x] ) if a < X < b 
'^(b) if b < X. 
Let f be a bounded function on [a,b], and let D be the set of all points 
in Ea,b] at •which f is discontinuous. Then the Stieltjes mean sigma inte-
r b 
gral EVa / f dg exists if and only if the following statements hold: 
J a. 
i) fCx"^) exists for each x in S^; 
ii) f(x") exists for each x in S-; 
iii) =0. 
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CHAPTER WO: EXISTENCE CONDITIONS FOR THE LANE INTEGRAL 
Suppose throughout this chapter that f is a bounded function on the set 
of real numbers and that g is a monotone non-decreasing function on the set 
of real numbers. We shall also suppose throughout this chapter that [a,b] 
is an interval and that G is a subset of [a,b] such that 
i) G contains a and b; 
ii) G is everywhere dense on [a,b]; 
iii) if H = (a,b) - G and H is non-empty, then the ordered triple 
(g,f,H) is a singular graph; 
iv) if y is in G and the restriction of g to [a,b] is discontinuous 
at y, then y is not an exceptional point for f and g in [a,b]. 
Let lÎQCf"^) denote the set of all numbers y such that a < y < b and 
fgCy*") does not exist, and let M^Cf") denote the set of all numbers y such 
that a < y < b and f^Cy") does not exist. We then let 
%(f) = %(f+) + %(f-). 
Also, let s and '^he a monotone non-decreasing saltus function on the set of 
real numbers and a continuous monotone non-decreasing function on the set of 
real numbers, respectively, such that g(x) = s(x) +'^(x) if x is a real number. 
We now list the following three statements. 
Statement A. If a < y < b and gCy"*") ^  g(y), then f^Cy"*") exists. 
Statement B. If a < y < b and g(y-) ^  g(y), then fg(y-) exists. 
Statement C. = 0. 
Within the context set at the beginning of this chapter we state our 
Theorem 2.1. For G to be a summabUity set for f and g in [a,b] it is 
necessary and sufficient that Statements A, B, and C hold. 
6 
Proof, (a) We show the sufficiency by demonstrating that if Statements 
A, B, C hold then 
lira S_(f,s) and lim S«(f,'^) 
D c G, 3^ D c G, 
both exist, so that we can then conclude that lim S«(f,g) exists. 
DC G, 3 
% proceeding as in the proof of Theorem 3»3 of (3), we can show that 
the conjunction of Statements A and B implies that the limit 
lira Sjj(f,s) 
DC G, = 
exists, where "G is the union of G and the set of points of (a,b) at which 
g is discontinuous. Thus if e > 0, then there exists a G-subdivision D' 
of [a,b] such that if E and F are'cf-refinements of D', then 
|Sg(f,s) — Sp(f,s)l < 
Suppose that D' = (a = XQ< x^< ...< = bl and that D' is not a 
G-subdivision. Let D' - G = (t^< tg < ...< t^). Since (g,f,H) is a singular 
graph and 'j^is continuous on [a,b], there is a collection 
1 i=1 
of disjoint subintervals of (a,b) such that for i = 1, 2,- ...» r, 
i) a^ and b^^ are in G; 
ii) a^^ < tj_ < b^; 
iii) if and are subdivisions of [aj_,bj] then 
|SAj_(f,g) - Sj^(f.g)| < ^ and < s . 
It follows, then, that for i = 1,2, ..., r, if A^ and B^ are subdivisions 
of [ajL.bj] then 
S» (f,s) - Sn (f ,s) I < ^  . 
1 2r 
Let D = (D' • G) + and suppose that B is a G-refinement of 
D. For i = 1, 2, r, let be the subdivision of comprised 
of a^, bj_, and D' • (a^,b^). Let D" be the subdivision of [a,b] such that 
D*' = D + Dj + + ... + Dy, and let B" be the subdivision of [a,b] such 
that B" = E • ([a,a-|) + (b^,a2) + (b2,a^) + ... + (b^.b]) + + Dg + ... 
+ D_. Then 
r r=1 
Sj)ii{f,s) = 8D.[a^aj](f,8) + ^D.[bi,a^+^]Cf,s) 
%[br,b](^*^) 
and 
It follows, then, that 
!Sjj(f,s) - Sg(f,s) I ^ )Sjj,,(f,s) - Sgn(f,s)! 
* 
< G. 
Thus we conclude that the conjunction of Statements A and B implies that 
lim SnCf.s) 
D c G, =5 
exists. 
In this part of our sufficiency proof, we show that Statement C implies 
that 
lira S_(f,i# 
DcG, 3 — 
exists. Let 2^(f) denote the set of all numbers y satisfying a < 7 < b for 
which both f^(y^) and f^Cy") exist and such that at least one of these two 
limits is different from f(y). It is easily seen that /<^(G • %(f)) = 0 
if we make use of an argument like the one which is presented on page 19b. 
8 
Let Dg(f) denote the set of all points y in G such that the restriction of 
f to G is discontinuous at y. We have that jJ?^CD^(f)) =0. If A is a 
non-empty subset of G, let 
u>q(A) = l.u.b. f(x) - g.l.b. f(x). 
X in A X in A 
If y is in [a,b], let 
w^(y) = lim <a)(j((y-6, y+5)»G). 
^ 0-^0+ 
For each positive number let D^C^) be the set of all points y in G such 
that<^Q(y) >^. We have for each positive number^ that^'^(Dg(9^)) = 0. 
Suppose that 92 > 0. Let Rq(^) be the set of all numbers y satisfying 
a < y < b such that 
i) (^gCy) ; 
ii) y is not in G; and 
iii) y is not in M^Cf). 
We observe that if y is in that 
IfgCy"^) - %(y") I =%(y) >^. 
Therefore, we conclude that each point of the set Rq(5^) is an isolated point 
of the set. Hence, RqC^) is countable = 0. 
If > 0, let Tq(^) denote the set of all points y in [a,b] such that 
^(jCy) >^. We have from the two preceding paragraphs, and the hypothesis 
that= 0, that^^ClgC^)) = 0 for each positive number We note 
that TqO^) is closed for each positive number Ig. 
Suppose that > 0, and let [c,d] be a subinterval of [a,b] having its 
endpoints in G and containing no points of If y is in [c,d], then 
there is a positive number %(y) such that 
^^((7 - 6(y), y + ô(y)) • G) 
For each y in [c,d] let o((y) andy3(y) be numbers such that 
i) 'oc(y) < y </3(y); 
ii) each of c<(y) and y^(y) on [a,b] is in G; and" • 
iii) both of the positive numbers y - (x(y) and /3(y) - y are less than 
5(y). 
By the Heine-Borel Theorem there are finitely mai%r distinct numbers y , 
m 
Vz» ' '* in (c,d] such that [c,d] = (txCy^j^)t/sCy^^)). It follows that 
1=1 
there is a G-subdivision 
D = {c = t^ < t^ < ... < = d} 
of [c,d] such that 
c«^(ftj^_.j,tJ • G) if i = 1, 2, n. 
If 
D' = {c = t' < t' < ... < t' = d} 
o 1 n' ' 
is .a G-refinement of D, and if for i = 0, 1, . . ., n we let j(i) denote the 
non-negative integer j not exceeding n' such that t' = t •» then we have that 
n j(i) j ^ 
ISn(f.if') -Sj.Cf.V')! = 1.!£ I ([f(ti 
2 i=1 j=j(l-1)+1 
+ 1f(t )-f(t'.}l} ) ] 
J 3 J-I 
^"^*1 Z / , )] '(^(d)-^o)]. 
i=1 o=J(i-1/+1 
Now suppose that s > 0, Let K be a positive number such that |f(x)| ^  K 
if X W in [a,b]. Let« = e . Let I = f (a„bJ1, 
^ = 1, 2, 3, be a sequence or a finite sequence of segments which is a 
10 
cover of TgC)^) and which has the property that 
T ^ . 
(i) . 4K 
Since is continuous, we may also have for each i in the domain of I that 
both of a. and b. on [a,b] are in G. From the Heine-Borel Theorem, we have 
XX
that there are finitely many distinct integers i^, i_, i— in the domain 
• c m 
of I such that __ 
m 
"3 '•i 
Thus, we have a G-subdivision 
D = {a = y©< y-j < ••. < 7^ = b} 
of [a,bj and a subset 
L a {k^ < )s.< ... < kp} 
of the set of all positive integers not exceeding n such that 
1) f" WykJ^(yk._i)] < ^  Î 
^ J D Ij-K 
ii) if k is a positive integer not exceeding n such that k is not in 
L, then [7^-1 «^k] GO'^tains no points of T^O^). 
As discussed in the preceding paragraph, for each positive integer k not 
exceeding n such that k is not in L there is a G-subdivision 
%=f^k-i = to.k < ••• < =y 
of 
-s) <1 
if j — 1» 2, •••, Let 
S'a (a = < y, < ... < = 13 
be the G-subdivision of [a,b] equal to 
D + > _ 
1 < k< n : k 5^ L 
11 
If E is a G-ref inement of IS, then 
* |<ii<n , k ji L 
< 2K W<ykj)-i^ykj.i)] +? * ^ZZZ%ZZ^bXy],).iM%.i)] 
< 2K e '|]|^(b)-'^a)] < e, 
W 
We con&Lude, then, that lira 8^(f;^ exists, 
D = G, 3 
Remark 2.1. From the preceding paragraph we see that it follows from 
Statement C that there is a subset 
L = Oc^ <"^2 ^ 
of the set of all positive integers not exceeding % such that 
i) r &'(y|c,)-i«5s,.i)I 
J=1 J J 4E 
ii) if "K is a positive integer not exceeding % such that Tc is not in 
Z, then 
(b) We now begin the necessity part of the proof of Theorem 2.1. ESjr 
hypothesis G is a summability set for f and g in [a,b]. Suppose that 
a < y < b and gCy"*") g(y). Let 
1 = [g(y'")-g(y)]. 
Suppose that fQ(y^) does not exist. It follows that there is a positive 
number k for which if y < z < b then there are points s and t in G* (y, z) 
such that lf(s)-f(t)| ^  k. Let N be a positive number such that 
jf(x) 1 ^ N if X is in [a,b] • There is a number w satisfying y < w < b and 
such that if y < X < w then lg(x)-g(y+) | < min. [l,lk }. Let G = G + [y}. 
zW 
By Lemma 1.1, G is a summability set for f,g in [a,b]. Suppose that P is a 
12 
G-partition of [a,b] and that P is a G-refinement of P containing y and at 
least one point of (y,w). Let z be the smallest number in P*(y,w). Let 
s and t be in G*(y,z) such that |f(s)-f(t)| > k. Let P* = P + îs} 
and P" = P + f-t). P' and P" are G-refinements of P, and we have that -
lSpi(f,g)-Sp,,(f,g) Î = 1.|[f(s)-f(t)]'[g(z)-g(y)]-[f(2)-f(y)]«[g(s)-g(t)]( 
> If )f(s)-f(t) I• Ig(z)-g(y) )-|f(z)-f(y) j• |g(s)-g(t) j} 
2 
> 1{kl - 2Nlk} = Ik . 
2 2 T 
Thus G is not a suraraability set for f,g in [a,b]« Hence we infer that 
Statement A holds. (We note that we could have also obtained this result 
without using Lemma 1,1 by using the hypothesis that (g,f,H) is a singular 
graph and suitably modifying the proof of Theorem 2.3 of (3).)  Similarly, 
it can be seen that Statement B holds. 
We argue indirectly to show that Statement G holds. We note initially 
that since by hypothesis lim S^(f,g) exists and since it follows from 
D cG,3 ^  
the result that Statements A and B hold that lim Sjj(f,s) exists, we 
D cG, 3 
can conclude that lim S^(f,^) exists. Suppose that)) 9* 0. 
Then at least one ofandjUi^CM^Cf~) ) is positive. Suppose for 
the sake of argument thaty^*^(MQ(f''')) is positive. For each positive number 
5 , let ]^Ig(f,5'*') be the set of all nmbers x satisfying a< x< b such that 
[lim sup f(t) - lim inf f(t)l >6, 
t-*xf,t in G t-»-* , t in G 
We observe that 
- . M (f+) = f M (f,l+). 
A ^ j 
Thus it follows that there is a positive integer j such thatjui'^CMgCf, f*")  
is a^poèitive number which we shall henceforth denote by Let ^ 
P={a = x^<x^< ^  ^  ^ 
13 
be a G-subdivision of [a,b]. Let ... < be the set of all 
positive integers i not exceeding n such that the segment con­
tains a point of M^(f, 1+). For q = 1, 2, m, let denote the least 
upper bound of 
j 
For i = 1(1 2, n, let x£ and x^' be numbers satisfying < xM 
for which |^x.")-'^xi)] < . For q = 1, 2, ..., m, let x' and 
^ T . ^ 
x' ' be numbers for which x' < u < x" such that 
<1 q q q 
Then, 
c £ (% + r (xi.xi') + y 
J q=;1 ^ ^ i=1 q=1 
Therefore, we have that 
q~1 " i—1 q—1 
< y &Ku )-3KX. + i.g^+ , 
q=1 ^ . 2 — 
so that 
y yu )-^x. ,i)] > i.(^+. 
q=1  ^ 2 = 
J 
Lot K be a positive number such that | f(x) | ^ K if x is in [a,b]. For each 
q = 1, 2, ui for which u^ = x^^, or else Uq < x^ and Uq is not in 
MgCf, #), let Vq be a number satisfying < Vq < Uq such that 
(1) Iy(u )-'î^'(x)j < JL'4'"' ^ X < u , 
j 
and also such that if x' and x' are numbers in the segment (Vq,Uq), then 
(2) |^(x")-7KXM| < 1 .(.%+. 1 ; 
32mK z f 
Ù • 
14 
Uq is a limit point from the left of the set M|j(f,1^), so that there is a 
point of this set in (Vq.Uq), and hence there exisi points x' and x" in 
G*(v fUg) such that |f(x'')-f(x')| > _1_ . For each q = 1, 2, . m for 
which Uq < Xj^ and is in l^(f,J;+), let Vq be a number satisfying 
Uq < Vq < Xj^ such that inequality 1 holds if Uq < x < Vq, and such that 
inequality 2 holds if x' and x" are in (iiqfVq); since Uq is in 
M|j(f,J[+), there exist x' and x" in G*(uq,Vq) for which 
 ^ |f(x")-f(x' ) l  >  JL • 
23 
If for q = 1, 2, m, we have that < ^ q< or Uq< ^q < Vq according 
as Vq < Uq or Uq^< Vq, then 
J 
For q = 1, 2, m, let Sq and t^ be numbers in G satisfying • 
Vq< Sq < "tq < ^  or Uq < Sq < t^< Vq according as Vq < Uq or Uq < Vq, 
and such that [f(tq)-f(Sq) | >_1_. For q = 1, 2, m, let 
23 
\ = [^(^-1 )+:^(tq) ] • W<tq)_f(x^_^) 1 
.l)+^(Sq)] •tl/'(Sq)-f(x^ 
+ [f(Sq)+f(tq)] *[Y(tq)-f(s^)l}. 
Let be the G-refinement of P such that P^ = P + Q^ + ... + where for 
q =: 1, 2, m, Qq is {Sq,tq} or [tq] according as dq is non-negative 
or negative, and let Pg be the G-refinement of P such that 
1*2 ~ ^  ^1 \ where for q = 1, 2, m, is {tq} or {Sq,tq} 
according as dq is non-negative or negative. We have that 
m 
|Sp (f.V)-Sp (f,v)| = 1 f |cl| 
' 2 2(^1 
= 1 L |p(tq)-f(s )]'&Ks 
2 q=1 ^ q. 
15 
> I { If (tq)-f (Sq) I • [f(Sq)-'^{r(xi^_^)] 
- !f (8q)-f (xiq_l) I ' ] 
m m 
- Z ^  q 5 l  ^  E ,  [ # q ) - f = q 3 )  
^ 1 f 1 * 1 — 2K.*ni* 1 «Wj+f 1 ^ 
2 27? J 32mK = f 
=5 +*1 • 
This contradicts the result that lim exists. We conclude that 
D c G, 3^ 
In our next theorem we make use of the following statement which is 
analogous to a statement considered by Murray (5) for the Stielt jes mean 
Sigma integral. 
Statement D, Let e and ^  be positive numbers. Then there is a sub­
division 
is the set of aU positive integers i not exceeding n for which there are 
points x' and x" in (yi-i,yi)"G such thatjf(x')-f(x")I then 
Again with the agreements made at the beginning of this chapter in 
mind, we state our 
Theorem 2.2. For G to be a summability set for f and g in [a,b] it is 
D={a = y^< y^< ... <y^ = bl 
of [ a,b] with the property that if 
L ={ i^ < i2< •,.< ip} 
16 
necessary that Statement D should be true. 
Proof. Suppose that G is a summability set for f and G in [a,b], and 
that e and are positive numbers. We know from Theorem 2.1 and Remark 2.1 
that there are a G- subdivision 
D = {a = < ... < y^ = b3" 
of U,b] and a subset 
Tj — ^ ••• ^  kp3 
of the set of all positive integers not exceeding n such that 
1) f EvCyit )-TKyk i)] < I ; 
J-' J J 
ii) if k is a positive integer not exceeding n such that k is not in 
L, then 
Let j be a positive integer not exceeding p. Let {be a 
sequence of distinct points of j containing all the points of this 
J 3 
interval at which s is discontinuous. For simplicity, let Z1, j = 
and ~ i be a positive integer such that 
< -1 • 
i=i+2 2p 
Let 
= (&j_i = %.j < ••• < 3 = 
be the subdivision of .1 consisting of the numbers 
^ Z , y  " ' %1,j" 
For i = 1, 2, ..., i, let t^^ j be a number satisfying t^_j j < j < t^^ j 
such that 
in case g(tj_^^j) ^  s(ti_i,j), and let t^Jj be a number satisfying 
17 
j < j < such that 
in case g(t£^j) ^  g(t^^j). Let 
= (%j-1 = 5^0,3 yi.j < — ^ &j.3 = ^ kj) 
be the subdivision of [y^ _^,y^ ] consisting of the points ofA^, the 
numbers tl j,ti , and the numbers t'• .,t»'...,t4.' . Let 
' t J J !•» J '*j ^ij i* J 
••• < 
be the set of all positive integers i not exceeding m^ such that 
We have that _ 
• i s=^, 
"C; < i • 
Let 
D" = (a = ^  < < ... < ylj = b} 
be the subdivision of [a,b] equal to 
D + ) . 
Let 
% ={ < •.. < TL} 
be the set of all positive integers k not exceeding n such that 
>1. 
Then, it follows that 
18 -
I )-g% ,)] s t 
3 ^  - 3 -  J  3 = 1  J  J  
" i iS " 
VJe observe that our proof of Theorem 2.2 does not parallel the proof 
given by Murray for the Stielt jes mean sigma integral analogue of our 
Theorem 2.2. We also remark that using the hypothesis that (g,f,H) is a 
singular graph, we could modify the proof of Murray's Theorem 1.2 to show 
that within the setting of this chapter our Statement D is also sufficient 
for G to be a summability set for f and g in [a,b] • 
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CHAPTER THREE: SUFFICIENT CONDITIONS FOR THE EQUALITY OF THE 
LAKE INTEGRAL AND A STIELTJES MEAN SIGMA INTEGRAL 
Our exploration in this chapter is initially motivated by Theorem 1.1. 
We see from this theorem that if G is a summability set for a function f 
which is bounded on the interval [a,b] and a function g which, is of bounded 
variation on [a,b] that then there is a function u on [a,b] agreeing with 
f on G and such that the Stieltjes mean sigma integral 
rb 
Fml u dg 
-'a 
exists. Quite obviously, if G = [a,b], then u = f and the Lane integral 
i f  f dg 
J a  
is equal to the Stieltjes mean sigma integral 
Fm, 
'a 
rb 
 u dg. 
J . 
At the first stage of our discussion in this chapter let us suppose 
that f is a bounded function on [a,b] , g is a monotone non-decreasing 
function on [a,b] and that G is a summability set for f and g in [a,b] 
such that G is everywhere dense on [a,b]. Consider the following three-
part condition for a function u on [a,b]. 
Condition 3.1. u is a bounded function on [a,b] such that: 
i) u(y) = f(y) if y is in G; 
ii) if a <y <b and f^Cy^) exists, then uCy*") exists; and 
iii) if a < y ^  b and fgCy") exists, then u(y"") exists. 
We note that it is fairly simple to determine such a function u, and that 
for such a function u the Stieltjes mean sigma integral 
rb 
Fml u dg 
Ja 
exists. The existence of 
19b 
Ra/ u dg 
•J 3.  
can be shown by using Theorem 2.1, Theorem 1.2 and our 
Lemma 3.1. If D denotes the set of points of discontinuity of a 
function u satisfying Condition 3.1 and i^is as at the beginning of Chap­
ter 2, then 
- 0. 
Proof. Suppose that 
> 0. 
Let MCu"^) be the set of all numbers x satisfying a < x < b such that 
u(x^) does not exist, and let M(tt") be the set of all numbers x satisfying 
a < X ^  b such that u(x~) does not exist. Let E be the set of all numbers 
X in D satisfying a < x < b such that both u(x^) and u(x") exist. For 
each positive integer j, let Ej denote the set of all points x in E such 
that 
Iu(x"'")-u(x)| + |u(x~)-u(x)| > J_. 
We observe that 
E = r E,. 
Ft ^ 
If j is a positive integer, we have that each point in Ej is an isolated 
point of this set, so that it follows that Ej is countable, and hence 
we conclude that 
= 0 .  
Therefore, we have that 
/x*'^E) = 0. 
Hence, it follows that at least one of the two numbers 
20 
and /<?y(M(u-)) 
is positive. Suppose, for the sake of argument, that 
/<YCM(u"^)) 
is positive. However, M(u'^) is a subset of the set M^Cf"^) defined at the 
beginning of Chapter 2, and as we see from Theorem 2.1 we have that 
We gather, then, that 
= 0. 
From our Theorem 3.1, which we state next, we can see that the con­
ditions stated in the second paragraph of this chapter are sufficient for 
the equality of 
l/" f dg 
-/a 
with a Stieltjes mean sigma integral. 
Theorem 3.1. There is a function u satisfying Condition 3.1 and for 
which 
rb rb 
Fm; u dg is equal to L f dg. 
•^a ^a. 
Proof. We let H = (a,b) - G and we observe that if x is a point of H 
such that g(x") 4 g(x) and gCx"*") ^ g(x) then the two limits g(x") and g(x^) 
are not equal. If y is in G, let u(y) = f(y). If y is a point of H for 
which g(y") ^  g(y) and g(y^) 4 g(y), let 
:i(y) = _ 1 . CfQ(y"'')*[g(y)-g(y")]+f(j(y")*[g(y"^)-g(y)l}. 
siyV-e(y')  
If y is a point of H for which g(y~) ^  g(y) and gCy"*") = g(y), let 
u(y) = lim sup f(x). 
x-^ y"*", X in G 
If y is a point of H for which gCy"*") ^  g(y) and g(y") = g(y), let 
21 
u(y) = lim _ sup f (x). 
X in G 
Finally, if y is a point of H such that g is continuous at y, let 
u(y) = lira sup f(x), 
x-*y , X in G 
Now we show that part ii of Condition 3.I holds. That part iii of Con­
dition 3*1 holds can be shown in a similar way. Suppose that a < y< b 
and that exists. Let Suppose that e > 0. Let 2 be a 
number satisfying y< z< b with the property that if x is in G*(y,z) than 
j u(x)-X| < e. If X is in H*(y,25) such that g(x') = g(x) or gCx"*") = g(x), 
2 
there is a point t in G*(y,z) such that |u(t)-.u(x))< and thus we have 
2 
that |u(x)-A.j< s. If X.is in H*(y,z) such that g(x") 4 g(x) and gCx*"^ 4 
g(x), then we have that 
; fQ(x+)_X| < Ç and 1 fg(x")-%( < e . 
and hence it follows that ju(x)->-)< c. Therefore, we have for each number 
X satisfying y < x< 2 that | u(x)-^| < e. We conclude that the limit 
uCy"*") exists. 
rh 
We thus have that the Stielt jes mean sigma integral Fm u dg exists. 
•^a rb 
We now show that this integral is equal to the Lane integral L f dg. 
^ -'a 
Suppose that s > 0. Let P = {a = x^ < x^ < ... < x^^ = b} be a 
subdivision of [a,b] such that n is a positive integer, and such that if P 
is a refinement of P then -
r b  |Sp(u,g) - Fta u dgl < s. 
Ja ? 
Let 2 be a G-subdivision of [a,l^ such that if P is a G-refinement of P then 
rb 
|Sp(f,g) - L fdg|<e. 
3 
Let k be a positive number such that |u(x)| < k if x is in [a,b]. For each 
22 
1 = 1, 2, n such that is in G, let Cj_ and both equal Xj_. If 
i is a positive integer not exceeding n such that x^^ is in H, such that 
g(z^) 4 g(Xj^), and such that g(:^) = g(x^), let c^ and d^ be numbers in 
G such that 
i) Cj^ < x^ < d^î 
ii) contains no points of P; 
ill) g(d.) - gCx.) < e ; and 
^ ^ 35c 
Iv) |u(d.)-u(x.)) < e . 
3n*i[gCb;-gCa^ +1} 
If 1 is a positive integer not exceeding n such that is in H, such that 
g(x^) 4 and such that g(:^) = g(Xj^), let c^ and dj^ be numbers in 
G such that 
i) Oi < %! < dj^; 
ii) contains no points of 9; 
111) g(x.)-g(c.) < e ; and 
^ 6nk 
iv) |u(x.)-u(c.)[ <- e . 
3n*l[gCb;-gCa;i] +1i 
If 1 is a positive integer not exceeding n such that Xj^ is in H, and such 
that g is continuous at x^, let c^ and d^ be numbers in G such that 
I) < Xj^ < d^; 
II) contains no points of and 
III). g(d^)-g(c^) < e . 
6nk -
If i is a positive integer not exceeding n such that x^ is in H, such that 
g(3^) f g(x^), and such that g(z^) 4 g(x^), let Cj|_ and dj_ be numbers in G 
such that 
i) Cj_ < x^ < dj_; 
23 
ii) contains no points of P; 
iii) both the non-negative numbers [g(:^)-g(cj^)l and [g(d^)-g(x^)] 
are less than e ; and 
12nk _ 
iv) both the non-negative numbers )u(Cj^)- li(xT) ( and lu(d^)- ti(x^)! 
are less than e . 
6n*{ g(b)-g(a) +l} 
, J'or i =1, 2, . . n, let 
+ Kxj_)-u(c^)]* [g(d^)-g(x^)]}. 
Suppose for the remainder of this paragraph that i is a positive integer not 
exceeding n. If x is in G, then A. is zero. If x, is in H and g(x") =.g(x ) 
1 * ^ i i 
or g(x^) = g(x.), then (A | < js_. If x. is in H and g(x7) 4 g(x ) and 
i 3n 1 i 
g(x+) 9^ g(x^), then 
I ^il = nlu(x^) ' [g(d^)-g(c^)] - u(d^) •[g(Xj_)-g(c^)] 
- u(cj_) • [g(d^)-g(x^)] I 
= lu(x^) •{[g(dj_)-g(xp] + Ig(x-)-g(c^)]} - u(dj • [g(xp-g(c^)l 
+ [u(xj)-u(d^)]-[g(x^)-g(xj)] - u(c^) • [g(d^)-g(xp] 
+ [u(x")-u(c )]'[g(xt)-g(x.)] |< _G_. 
i i 1 1 3n 
Let 
P — P + P+ {c., c , •••» c } + {d^» d_t •••» d 3* 
I 2 n 1 <£ n 
Let P* = P • G. Then 
jFmJ u dg - y fdgl^l^nj" udg - S_(u,g)i + Is^^Cf.g) ~ ij" f dgl 
+ |s (u,g)-s (f,g) I < ^  + I 7 A J < G. 
^ 3 0=1 
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We conclude from the preceding paragraph that the Lane integral 
fb 
L f dg is equal to the Stieltjes mean sigma integral Fm u dg. 
J a Ja 
Using an approach similar to that used in the proof of Theorem 3.1 
we can obtain the proof of 
Theorem 3.2. Let g be a function of bounded variation on the interval 
[a,b] , and let f be a. bounded function on [a,b] such that the Lane integral 
f dg 
Ja 
exists. Let G be a suramability set for f and g in [a,b], and let H = (a,b) -
Suppose that G is everywhere dense on [a,b] and that for each point x in H 
we have that g(x") = g(x) or gCx"*") = g(x). Let u be the bounded function 
on [a,b) such that the following statements hold: 
i) u(x) = f (x) if X is in G; 
ii) if y is in H and g(y") ^  g(y)» then 
u(y) = lim sup f(x); 
x-».y'*", X in G 
iii) if y is in H and g(y^) ^  g(y)» then 
u(y) = lim _ sup f(x); 
x-»y", X in G 
iv) if y is in H and g is continuous at y, then 
u(y) = lim sup f(x). 
x-*.3r, X in G - . 
Then u satisfies Condition 3«% and the Stieltjes mean sigma integral 
r b  
Fm/ u dg 
Ja 
is equal to the Lane integral 
hf f dg. 
Ja 
In our Theorems 3.I and, 3* 2 the Lane integrals and associated Stielt jes 
mean sigma integrals have had the same integrator function. We do not 
25 
restrict ourselves to this situation in our next result. 
Theorem 3.3. Let f be a bounded function on the interval [a,bj and 
g a function of bounded variation on [a,b] such that the Stieltjes mean 
rh 
Sigma integral Bkl f dg exists. Let f be the total variation function 
J a 
defined by 
/ 
0 if X ^  a 
g(x) = i V(g; [a,x]) if a < X < b 
^(b) if X > b. 
\ 
Let H be a non-empty countable subset of (a,b) such that^'î^CH) = 0. 
Let G = [a,b] - H. Let k and 1 be bounded functions on [a,b] such that 
k(x) = 0 = l(x) if X is in G. Suppose for each x in [a,b] that f*(x) = 
f(x) + k(x) and that g*(x) = g(x) + l(x). Suppose also that the following 
two statements hold; 
i) if X* is in H and e > 0, then there are numbers c* and d* satis­
fying a 5 c* X* d* 5 b and having the property that if c and d are 
points in G such that c* ^  c < x* d 5 d*, and P = (c = Xq<x.|<...< x^  
is a subdivision of [c,d], then 
ii) if X is in H and e > 0, then there are numbers c and d satisfying 
a<c<x<d^b and having the property that if c and d are points in 
G such that c<o<x<d<d, and 
is a subdivision of [c,d], then 
I .Î, < « . 
X—2 
Then we have that 
26 
(1) is a singular graph; and 
rb 
(2) Im S_(f*,g*) = Rn/ f dg. 
pc G, 3 ^ Ja 
Proof, part 1. Suppose e > 0. Let H be,the range of {x^ , 
(j = 1, 2, ...), where (x^ is a sequence or a finite sequence of distinct 
points of (a,b). Let M and K be positive numbers such that | f(x)] 5 M 
and 1 k(x)I < K if x is in [a,b]. for each j in the domain of {x^}, let 
0* and d* be numbers satisfying a.^ c* < x* < d* < b and having the pro-
^ j 0 j j 
perty that if Cj and d. are points in G such that C?! c < x* < d,.£ d* then 
J  J  J  J  J  J  j  
i) 'g(dj)^(cJ < e ; 
2j+1'3(M+K) 
il) if { Cj = yQ< y-| < ... < yj^ = dj } is a subdivision of 
then 
, m-1 
I E i(yi)'Lf(yi+i)-f(yi_i)]| < 
3*2^ 
and 
iii) if { cj = y^< y^ < ... < = dj ] is a subdivision of 
then 
. m—1 
I L [k(yi_i)i(yi)-k(yi)i(yi_,)]| < 
1-^ 3.2O 
If j is in the domain of {x^ , let Cj and d^ be elements of G such that 
Oj <xt <dj < dt. If j is in the domain of ( x^ , and if P^ = 
{Cj = yQ< y^< ...< 3^ = dj } is a subdivision of j^c^.d^j, then 
1—It . m 
m 
+1, 
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= I'l y •fe(yi)-g(yi.i)j 
2 i—1 
- X' i(yi)-[f(yi+i)-f(yi.i)] 
i—1 
ra-1 
+ 
3^2 
m 
< 1. r2(M+K).r g(y,)-g(y. J + e  + 6 1  
2 i=l' V ' 3.23 3.20 
f [k(y3^.,)l(y^)-k(yi)l(yj^,)] | 
2 3.2J 
Therefore, if for each j in the domain of (xt) we have that Aj and Bj 
are subdivisions of then. 
We conclude, then, that (g*,f*,H) is a singular graph. 
Proof, part 2. Suppose that c > 0. Let 
P =( a = y^< < ... < y- < 3%.^ = b} 
be a subdivision of [a,b] such that n is a positive integer, and such that 
if P is a refinement of P then 
r b 
)S (f,g)_3h fdgl<5 
^ Ja 2 
If i is a positive integer not exceeding n, let 7! be equal to y. if y, 
X  X X  
is in G, and if y^. is in H let y^ be in G*(yj^_^,yj^) such that if x is in 
[yî»yj_) then |g(y^)-g(x} | < f: . If i is a positive integer not exceeding 
— _ 
n, let yMbe equal to y^ if y^ is in G, if i = n and y^ is in H let y M 
be in G'(y^,b) such that if x is in (y^^.y^'] then |g(yj^)-g(x) j < p , and 
if i is less than n and y^^ is in H let yP be in G*(y^,yJ_^p such^^at if 
X is in (y^.y^'J then |g(yj_)-g(x)'| < e . Let 
im 
V = {a,b} + {yj, y^, ..., y^} + {y««, y^" yi»}. 
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Suppose that P =( a = x^< x^< ...< = b} is a G-refinement of V, 
Let P* = P + P. If i is a positive integer not exceeding n, let be 
the.largest positive integer j not exceeding n-1 such that Xj^g 
and let be the smallest positive integer j not exceeding n-1 such that 
Then 
n 
(Sp*(f,g)-Sp(f,g) ; = i*|^£^^[^(x^yHf(y^)]*[g(y^)-g(Xji)] 
- [ f(Xj J+f(Xj , f )] "[g(Xj, ,)-g(XjO] } I 
+ [f (yi)-f (xj,)] ' [g(Xj, :)-g(yj^)]}| 
n 
< T' i^i ^ ^ l+lg(x^; O-gCy^) I} 
< Mnfi = e • 
2nk 2 
Thus, it follows that 
rb rb 
I Sp(f*,g*)_W f dg j < ISpCf.g)-Sp^ (f.g)| + |Sp*(f,g)_mj f dg I 
cL ^ a 
< e + e = e. 
2 2 
b r
Hence, we have that lira Sp(f*,g*) exists and equals Fial f dg. • 
PC G, 3^ Ja 
We now see that if the hypotheses of Theorem 3.3 hold, and if further 
no point of the set G at which g is discontinuous is an exceptional point 
rb rb 
for f* and g* in [a,b], then L f* dg* exists and is equal to FmI f dg. 
-'a Ja 
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CHAPTEl FOUR: FURTHER PROPERTIES AND EXAMPLES OF THE 
LANE INTEGRAL' 
Initially in this chapter we consider a query motivated in part by 
Lemma 1,1, From this lemma we see that each summability set for functions 
f and g on an interval [a,b] may have a finite number of points from its 
complement in (a,b) added to the set and that this augmented set will also 
be a summability set for f and g in [a,b]. On the other hand, a given 
summability set for functions f and g in [a,b] cannot always be augmented 
by an arbitrary subset, even a countably infinite subset, of its complement 
in (a,b) in such a way that this augmented set is also a summability set 
for f and g in [a,b] as can be seen from the example in which a = 0, b = 1, 
f(x) = 1 if X = 0, or X = 1, or X is an irrational number in (0,1), 
f(x) = 0 if X is a rational number in (0,1), and g(x) = x if x is in 
[O, l] since the set consisting of 0, 1, and all the irrational points in 
(0,1) is a summability set for f and g in [a,b] and the Stielt jes mean 
Sigma integral Fm f dg does not exist. What we now concern ourselves Jo 
with is the question of whether we at least have that if there is a 
summability set for functions f and g in [a,b] then there is a summability 
set which is everywhere dense on [a,b]. The answer can be seen from 
Example 4.1. For each positive integer k, let f(x) = 1 + sin 1 
if 1 < X < 1 . Let f(0) = 1 = f(1). For each other point x in 
2krr (2k-1)rT 
[0, l] , let f (x) equal 1 or 0 according as x is irrational or rational. For 
each positive integer k, let g(x) = 0 if _1__< x< 1 . Let g(0) = -1. 
r , , .2kTT . (2k.1)TT 
For each other point x in [0,1], let g(z) = x'^. Let G = (l0,l} + lr»(0,l)) -
& H =(0,1) -3. 
We now establish five inferences relative to Example 4.1. 
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Inference 4.1. The function g is of bounded variation on [0,t] . 
Proof. Let 
P = {0 = XQ< x.j< ... < = b) 
be a subdivision of [0,1].. Let k* be a positive integer such that 
1 < X4. Let X* = 1 . and let P* = P + { x*}. Let 
2k*n Zk'^rr 
p* = I 0 = x^ < x| < ... < x^^^ = 1}. 
Now, 
n n+1 
r ig(:^)-g(xj^_,)i < r I s(xp-g(x^_ )| 
i=1 1=1 
2k-1 
< I g(x*)-g(0)| + + 1 . £ 1 
TT2 Fl P 
< 1 + 1 + 1  .  Y  1  
 ^ j=i p 
• = 13. ? 
Inference 4.2. lim Sp(f,g) = 2. 
PC G, 3^ 
Proof. If 
P = C o  =  X Q < x . j <  . . . < x ^ = l )  
is a G-subdivision of [O, l] , then 
Sp(f.g) = Y. [g(xi)-s(^-l)] = 2. 
i=1 ' 
2 
Inference 4.3. (g,f,H) is a singular graph. 
00 ~ 
Proof. Let K = (Ra*(0, l)) - V !_). Let J = {ta}^ be 1 -^j 2kTT (2k-1)Tr J j=i 
a 1-1 sequence whose range is K. 
Suppose e > 0. If k is a positive integer, let a_, , = 1 and 
2k rr 
b«^ 4 = 1 If j is a positive integer, then 1 < tj < 1 or there (2k-1)n n J 
exists a positive integer k such that 1 < t. and hence there 
C2k+1)rr ^ 2kTT 
are points agj and bgj in G such that a^^ < tj < bgj and such that 
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I f(x) I < 1 if X is in such that 
V(g,[a2j,b2j) < e . 
Let I = {£ap,bpj}^^» If p is a positive integer then a^ and bp are in G» 
and if X is in H then there is a positive integer p such that ap < x < bp. 
Moreover," if for each positive integer p, Ap and Bp are subdivisions of 
I  I S. (f,g)-SB (f,g) l  <  T  [1% 
p=1 P P j=1 L 2j ZJ J 
Inference 4.4-, No point in G is an exceptional point for f and g in 
[o.i]. 
Proof. Suppose that c and d are numbers such that J[<c<d<1 or 
TT 
there is a positive integer k for which 
1 < c < d < 1 . 
(2k+1)TT 2kTT 
For each point x in [c,d] we have that g(x) - x?. The function f is 
everywhere discontinuous on [c,d]. Thus, g is a continuous, monotone 
increasing function on [c,d], and f is a bounded function which is discon­
tinuous at each point of this interval. We thus have from Theorem 2.1 
fd 
that Fm f dg does not exist. Thus we see that no point in 
•^c 00 
s - «0} + Z (ij) 
3=1 jtt 
is an exceptional point for f and g in [0,l]. 
We observe that if k is a positive integer, then 
fd, 
Jzkïï  
1 
exists. Therefore, we have for each positive integer j that is not an 
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exceptional point for f and g in [o, 1]. 
If 0 < b < 1, then there is a positive integer k such that 
[(2k+1)W 2ÎCTT] 
is a subset of , and by the first paragraj^ of this proof we have that 
EVa f dg 
^ C2k+1)TT 
does not exist. Hence 0 is not an exceptional point for f and g in [o, l]. 
Inference 4.5« There is no suimnability set for f and g in [O, l] 
which is everywhere dense on [o,l]. 
Proof. Suppose there is a sutnmability set îi for f and g in [0,.i) which 
is everywhere dense on [o, l]. We have from Theorem 2.1 that fg(0'*') exists. 
Now, suppose 0 < 6 < 1. There is a positive integer k such that 
r  1 .  1 1  
L 2krr (2k-1)TrJ 
is a subset of (0,6), and there are points s and t in G* _1_*, J . ,.l such 
V2kn C2k-l)nJ 
that 
I sin 1 1 < 1 and I sin 1 - (-1)j < 1 • 
s ¥ ' t . ? 
we note that 
)f(s)-f(t)) = j sin j.-sin 1_) = | sin + (-1)-sin J.+ 1| 
s t s t 
>1 - I sin 1 - ) sin 1 - (-l)j > 1. 
St 2 
Hence, we have a contradiction. 
r b  
It is clear from Example 4.1 that the Lane integral L f dg may exist 
while no summability set for f and g in [a,b] is everywhere dense on [a,b] , 
even in the case in which we restrict f to be bounded on [a,b] and g to be 
of bounded variation on [a,b]. We thus have the answer to the question 
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preceding Example 4.1. 
Now, let us consider the setting in which f is a bounded function on 
rb 
the interval [a,b] and g is a function on [a,b] for which L f dg exists. 
rb "^a 
The integral Fra f dg may not exist in case g is continuous. We now ask 
Ja 
whether this Stieltjes mean sigma integral exists in case g is a simple 
step function, or in case g is a saltus function. 
The answer to the first part of the above question- is provided by 
Theorem 4.1. If f is a bounded function on [a,bj and g is a simple ; 
rb 
step function on [a,b] for which Ll f dg exists, then it is also true 
rb -'a 
that Era/ f dg exists. 
- /a rb 
Proof. Suppose to the contrary that Fm f dg does not exist. Let 
P = {a = Xq < < ... < x^ = b} be a subdivision of [a,b] containing all the 
points of this interval at which g is discontinuous. Now, either there is 
an i in {O,1,,,,,n-l} such that g(x^) ^  g(x^) and f(x^) does not exist, or 
there is an i in {1,2,...,n} such that g(x^) ^  gix^) and f(xT) does not 
exist. For the sake of argument, suppose there is an i in {0,1,...,n-l} for 
which g(x^) ^  g(Xj^) and f(xf) does not exist. There is a sumraability set G 
for f and g in [a,b] containing Xj_. Let d be a number such that Xj_ < d < 
If [p.q] is a subinterval of [x^,d], then Fm f dg exists if and only if x 
•Jp ^ 
is not in [p,q]. Thus, x^ is an exceptional point for f and g in [a,b], and 
we have a contradiction. 
The answer to the second part of the question preceding Theorem 4.1 is 
given by our 
Example 4.2. Let {be a 1-1 sequence with range the set of 
rational numbers in [O, l] . For each positive integer n let u^ = 2"^ = v^, 
and let 
y* 
/ 
gnW = < 
0 if x< 
Un if X = 
V^n ^  > ^n' 
Let s be the monotone non-decreasing saltus function such that s(x) is the 
TO 
value of the absolutely convergent infinite series V g (x) for all real x. 
n=1 
Let a be an irrational number, and let b = a + 1, Let g(x) = s(x-a) if 
X is in [a,b]. Let f(x) denote 1 or 0 according as x is irrational or 
rational. Then it can be seen from Theorems 1.2, 2.1 and 3*3 that the 
set of irrational numbers in La,b] is a summability set for f and g in 
rb r b 
[a,b], L f dg = 2, and Fm f dg does not exist. 
•J a J a 
In the next part of this chapter we consider two theorems which 
provide us with sufficient conditions for non-existence of the Lane integral. 
First we have 
Theorem 4.2. Let f and g be bounded functions on [a,b]. There exist 
disjoint, countably infinite subsets and Sg of (a,b) which are every­
where dense on (a,b) and such that the following statement holds; 
Statement A. From the three hypotheses 
i) k and 1 are bounded functions on S = 
ii) there is a positive number M such that for each segment (c,d) 
contained in [a,b] there are a number x in (c,d)*S^ and a number è in 
(c,d)*S2 for which • 
|k(%)l(&).k(jh)l(%)| > M; 
and 
iii) for each x in [a,b], f*(x) denotes f(x) + k(x) or f(x) according 
as X is in S or not in S, and g*(x) denotes g(x) + l(x) or g(x) according 
as X is in S or not in S 
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b 
it is deducible that the Lane integral f*dg* does not exist. 
Proof. Let{xj3j® 'be a sequence of distinct points of (a,b) such that 
the range of this sequence is everywhere dense on (a»b). Let f 
be a strictly decreasing sequence of points of (a,b) converging to x^ 
and such that both lim f(x4 _) and lim g(x< _) exist. Let {xo 
p^oo P-.CO 
be a strictly decreasing sequence of points of (a,b) converging to X2t 
such that both lira f(x2 p) and lira gCxg _) exist, and such that no point 
p-fOO * p-*-oo 
of the range of [x2^p)^ is in the range of {x^^p}p_^. Let'Cx^^pl^^ 
be a strictly decreasing sequence of points of (a,b) converging to Xy, such 
that both lim f(x-5 „) and lira g(xo „) exist, and such that no point of the 
p-too p—oo r 1 00 oo 
range of as in the union of the ranges of p=1 ^ *1,p^p=:1* 
Continuation of this process yields a sequence {(xz of sequences J»P p=i j-i 
of distinct points of (a,b) such that if j is a positive integer then the 
following statements hold: 
i) X. ^ > X. « > ..., Xj. _ —-Xs as P-..00, and lira f(Xi _) and 
J» ' J»P J p-»co 
lira g(x4 J exist; 
p—oo 
ii) no point of the range of ( is in the set 
% [range of 
Let j q are positive integers} and Sg ~ ^^ j,3q.il J 9 
are positive integers}. and are disjoint, countable subsets of (a,b) 
and both and Sg are everywhere dense on (a,b). 
Suppose that the three hypotheses of Statement A hold. Let K and L 
be positive numbers for which | k(x)| < K and I l(x)I < L if x is in [a,b]. 
Let [c,d] be a subinterval of [a,bj. There is a positive integer j* such 
that c< Xj* < d. There is a positive integer p* having the property that 
if p' and p" are integers greater than p*, then 
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and 
|g(xj»,p..)-gU^.,p,)l<^.. 
Let q* and q" be positive integers with q' > q" and 3^" > p*» Denote 
^0*t3<l' *' denote Xj* , by x". The segment (x',x") contains 
a point X of and a point x of such that |k(x)l(x) - k(x)l(x)| 2 M. 
For the sake of argument, suppose that x > x. Let 
P = {c<x'<2i<X<x" <d} and Q = {c < x' < x" < d}. 
Now, 
fSp(f*.g*) - 8Q(f*,g*)j 
= |K[f*(x')+f*U)][g*(5^)-g*(x')] + tf*Cfi)+f*(x)][g*(X)-g*(i^)] 
+ [f*(x)+f*(x")l [g*(x")-g*(x)]} - [f*(x')+f*(x")] [g*(x*')-g*(x')] ! 
= l! [f*(%).f*(x')] [g*(x*').g*(A)l + [f*(x' ')-f*(2)] [g*(x')-g*(3)] I 
2 ' 
= [f(x)+k(x)-f(x')] [g(x")-g(x)-!(&)] 
+ [f(x' ' )-f($)-k(&)] [g(x' )-g(x)-l(x)]| 
>l(|k(A)l(x)_k(%)l(&)| - lf(x)-f(x')I!g(x")-g(x)-l(5)! 
2 
- If(x")-f(&)||g(x')_g(%)_l(%)| _ |k(%);|g(x")_g(A)| 
- lk(5i)| lg(x')-g(x)|} 
2|{M -M[2I,+^-'[21+ |g(x")-gU)I + lg(x')-g(5!)n 
- K[lgCx")-g(x)l + lg(xi)-g(S)n) 
> - M - M} = M. 
2 ? % ? 
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We conclude from the preceding paragraph that there is no non-empty 
subset H of (a,b) such that (g*,f*,H) is a singular graph. Thus the only 
possible sumraability set for f* and g* in [a,b] is the interval itself. 
rb 
Therefore, the Lane integral L f*dg* exists if and only if the Stieltjes 
r b  J a  
mean sigma integral Fm f*dg* exists» 
- â. -
Let P = {a = < ... < 3^ = b} be a subdivision of [a,bj• Suppose 
that i is a positive integer not exceeding m. Sy the above, there are 
subdivisions and P^' of such that 
ISpM(f*.g*) - Sp,U%g»)| >M. 
h Thus the Stieltjes mean sigma integral Fm f*dg* does not exist, and 
r b  J a  
we conclude that the Lane integral L f*dg* also does not exist. 
-'a 
Theorem 4.3. Let f and g be bounded functions on the interval [a,b]« 
Suppose that if (c,d) is a subset of [a,b] then there is an x in (c,d) 
for which f(x^) or f(x~) exists and there is an x* in (c,d) for which 
gCx*"*") or g(x*~) exists. If S^ and Sg are disjoint countably infinite 
subsets of (a,b) which are everywhere dense on (a,b) then Statement A of 
Theorem 4.2 holds. 
Proof. Let [c,d] be a subinterval of [a,b]. By hypothesis the seg­
ment (c,d) contains a point x* such that gCx*"*") or g(x*") exists.. For 
the sake of argument, suppose that gCx*"*") exists. Then, there is a number 7^ 
satisfying 0 < < d-x* and having the property that if x* < x', x" < x* +"J^, 
then |g(x")-g(x') I < By hypothesis, the segment (x*,x*+i7) contains a 
_ 8K  ^
point X such that f(x^) or f(x-) exists. For the sake of argument, 
suppose that f(^) exists. Then, there is a number 6 satisfying 
0 < 6 < (x*+^) . X and having the property that if x < x', x" < x+g ^ 
38 
then |f(x* ')-f (%') I ^  m{2L + M }"% Let x' and x" be numbers not in S 
? m 
such that x< x' <x"< x+6. By hypothesis, the segment (x',x") contains 
a point Â in and a point ^  in S2 such that } k(5^)l(%) - k(x)l(&)| > M. 
We may suppose that x< x. Let 
P = {c< x' < X< x" < d} and let <? = { c <x' < x" <d}. 
Proceding as in the proof of Theorem 4-.2, we obtain the result that 
|Sp(f*,g*) - So(f*,g*)| > M. 
rb 
We conclude", then, that the Lane integral L f*dg* does, not exist. 
Ja 
We note that from Theorem 4.3 we have that Example 1.1 of (4-) is 
incorrect. 
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CHAPTER FIVE: REMARKS ON A RELATIONSHIP BETWEEN A LANE INTEGRAL 
AND A LEBESGUÉ-STIELTJES INTEGRAL 
Let g be a monotone non-decreasing function on the set of real 
numbers. Let G be a subset of the interval [a,b] everywhere dense on 
[a,b] such that G contains a and b and all the points of the segment ta,b) 
at which g is discontinuous. Let f be a bounded function on G, Suppose 
that the refinement liznit 
l3jn S (f,g) 
PCG, 
exists. 
We have from Theorem 3.I that there is a bounded function u on [a,b] 
such that u(x) = f(x) if x is in G and such that the Stielt jes mean sigma 
fh 
integral Ftal u dg exists and equals lim Sp(f,g), We note that we Ja P c G,. ^ 
have from Theorem 3*8 of Kuo (3) that the Lebesgue-Stieltjes integral 
LS 1 u dg 
J[a,b] 
exists, and that 
Fmf u dg = LS r udg +1_ f) [u(x+)-u(x)] [g(x+)-g(x)] 
-'a J ra,b"l 2 a<x<b 
+ ) [u(x")-u(x)] [g(x)-g(x')]} - ii(b)[g(b+)-g(b)] 
a < X < b 
- u(a)[g(a)-g(a~)]. 
Let the refinement limit lim Sp(f,g) be denoted by 
P < z G , = >  
LI f dg 
^G 
Let S denote the set consisting of all numbers x satisfying a < x < b such 
that gCx*") ^  g(x), and let S" denote the set consisting of all numbers x 
satisfying a < x< b such that g(x") 4 g(x). We have that fCx"^) = uCx"*") 
for each x in S"*", and f(X") = u(x") for each x in S", Then, we have that 
40 
l[ CdgsLsf udg + l() [f(%^).f(x)] [g(x''")-g(x)] 
J  G V[a,b] 2 X iJi S+ 
+ 5ZZZZ [f(x-)-f(x)] fg(x)-g(x-)]} - f (b) [g(b'*')-g(b)] 
X in S~ 
- f(a)[g(a)-g(a")]. 
Let us assume now that G is g-measurable. We have that LSI f dg exists 
f  Jq 
and equals LSI u dg. ; Let K denote the set of all points x in (a,b) - G 
such that both the limits fCx"^) and f(x~) exist and are equal. Extend 
f to K by defining f(x) to be equal to f(x*") for each x in K. We have then 
that K is g-measurable and that the Lebesgue-Stielt jes integral Ls/ f dg 
r Jk  
exists and equals LS I u dg. We thus have that 
•J ^ ,b] — G 
LS u dg = Ls/ f dg + Lsf f dg = Lsf f dg 
J [a,b] JG JK JG + K 
Finally, then, we have that-
hf f dg = Lsf f dg + J.{) , [f(x"'")-f(x)] fg(x*'*)-g(x)] 
JG JG + K 2 X in s+ 
+ ) [f(x")-f(x)][g(x)-g(xr)]} - f(b)[g(b+)-g(b)] 
X in S~ 
- f (a) [g(a) -gCa")] • 
41 
BIBLIOGRAPHE 
Bzoch, R. C. Existence conditions for an integral of R. E. Lane. 
J. Indian Math. Soc» 23: 117-124. 1961. 
Hildebrandt, T. H. Introduction to the theoiy of integration. Kew 
York, l'î. Y., Academic Press Inc. 1963. 
Kuo, M. S. On the existence of the weighted Stieltjes mean sigma inte­
gral, Unpublished M. S, thesis. Ames, Iowa,.Library, Iowa State Uni­
versity of Science and Technology. 1964. 
Lane, R. E. The integral of a function with respect to a function H. 
Proc. Amer. Math. Soc, 6: 392-401. 1955* 
Murray, C, B. On the mean integral. Unpublished Ph.D. thesis. Austin, 
Texas, Librarf, University of Texas, 1964. 
% 
ACKNOWLEDaEMEST 
The writer expresses his gratitude to Professor Fred M. Wright for the 
encouragement and many helpful suggestions he provided during the preparation 
of this dissertation. 
